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Abstract: We have calculated interactions between two fuzzy spheres in 3 dimen- 
sion. It depends on the distance r between the spheres and the radii pi, pi- There is 
no force between the spheres when they are far from each other (long distance case). 
We have also studied the interaction for r = case. We find that an attractive force 
exists between two fuzzy sphere surfaces. 
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1. Introduction 

String theory in present form, include various types of extended objects like D-branes 
other than fundamental string. Therefore it is essential to reconstruct string theory 
such that it can treat them in unified way. The presence of D-branes brings the non- 
commutativity of space time. In fact we can derive non- commutative gauge theory on 
world volume of D-branes in string theory and that non- commutative gauge theory 
lead us to find corresponding matrix model. 

IIB matrix model is one of the proposals for non-perturbative reconstruction of 
string theory [I] .It is a large N reduced model of ten-dimensional supersymmetric 
Yang-Mills theory. In matrix model the space time and matter dynamically emerge 
out. As the space time are represented by the diagonal elements of the matrices 
the non-commutativity of space time is built in matrix model. At the same time, 
as the interactions are also described by the matrices the non-commutative yang- 
mills theory in a flat back ground can be obtained by expanding the matrix model 
around a flat non-commutative background |J. Such non-commutative gauge theory 
is obtained in string theory by introducing background constant B-field ||. The 
non- commutative background is a D-brane-like background which is a solution of 
the equation of motion. So, we can study the D-brane in flat background within the 
framework of matrix model. We need to formulate a matrix model which gives us a 
scope to study the D-brane in curved background also. 
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Recently other different non-commutative backgrounds, for e.g. a non-commutative 
sphere, or a fuzzy sphere have also been studied 0, ||. In non-commutative gauge 
theories on fuzzy sphere were obtained considering supersymmetric three dimensional 
matrix model actions with a Chern Simon term, expanding around a classical solu- 
tion. Although an ordinary matrix model has only a flat background as a classical 
solution, this matrix model can describe a curved background owing to these terms. 

Fuzzy sphere may correspond spherical D2-brane in string theory with back- 
ground linear B- field in S 3 || |7], ||, |], 03- Specially radius one correspond to 
DO-brane. It is interesting to find out, in Matrix model, the object corresponding 
D2 or DO brane in string theory. Also BPS objects corresponding BPS D branes are 
interesting. 

In this paper, we will consider supersymmetric fuzzy sphere model in three di- 
mension as in [ffl. We get this model by adding a Chern Simon term to the reduced 
model . We try to give a framework which allows us to study a multi fuzzy sphere 
system. We will study the two fuzzy spheres system in detail and try to investigate 
the interaction between them. 

This paper is organized as follows. In section 2, we present the model for the 
multi fuzzy sphere in background space. We calculate interaction of fuzzy spheres 
and space. In section 3, we talk about the dynamics of the fuzzy spheres. We expand 
the action around a classical back ground and try to study the one loop interaction 
between fuzzy spheres in bosonic and supersymmetric case. In particular, we have 
calculated the interaction between two fuzzy spheres. We calculate the potential for 
such system in both large and small distance case. This potentials are attractive for 
supersymmetric case which vanish for long distance. 

1.1 Space-time and brane from Matrix Model view point 

In general, in matrix model, we deal with arbitrary Hermitian matrices. We can as 
well artificially partition these matrices into multiple blocks such that each diagonal 
block represents a part of space time (we call it an space time object or a brane.) 
and the off diagonal blocks represent the interaction between such branes. The size 
of such brane depends on the size of the matrix-block representing the brane. For 
example, block of size 1, describes a space time point. 

Though the overall matrix is traceless, the individual blocks need not to be 
traceless and the value of trace of these blocks give the space time co-ordinate of the 
center of the block (object). In this paper we assume that the trace belongs to R 10 . 

There may be some possibility of 'dynamical compactification' of 10 dimensional 
space time to M 7 (g) R 3 (S* 3 ), which we are going to assume here |TT . 



It is known that there is non-commutative solution for classical equation of mo- 
tion and non- commutative gauge theory on such space time object (both plane and 
sphere case).Iso et al Q and others have shown that non-commutative gauge can be 
realised on fuzzy sphere. For the flat case the gauge interaction can be explained as 
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the open strings which ends on the object (brane). The force between two of such 
branes at long distance can be understood as close strings exchange between them. 
We like to understand whether this feature is valied for M 7 ® R 3 (5' 3 ) configuration 
of space time. In this paper we treat the interaction of two fuzzy spheres in R 3 . 

2. Model for multi fuzzy spheres 
2.1 Classical Picture 

We start with J\f = 2 SUSY Yang-Mills-Chern-Simon reduced model 



S = j 2 Tr{ - l l [A ll ,A v \[A^A v ] + 2 -iae» vX A»A»A x + l -^[A^]). (2.1) 

This is obtained by reducing the spacetime volume of Yang-Mills-Chern-Simons the- 
ory to a single point [|J (c.f. Eguchi-Kawai and IKKT model |1|]). The Chern-Simon 
term is added to the reduced model to have fuzzy sphere solution as classical equa- 
tions of motion. A^, ip a are N x N traceless Hermitian matrices. A^ is 3-dimensional 
vector and ip is two components Majorana spinor. er M (/U = 1,2,3) denote Pauli ma- 
trices. //, v — 1 ~ 3, a, (3 = 1, 2. This action is also obtained as low energy effective 
action for spherical D2-brane in S 3 , using SU(2) WZW model as string theory in S 3 

I- 

Action (|2.1|) has SO(3) global symmetry, A^ — > A^ + r^l translation symmetry 
and gauge symmetry by the unitary matrices A^ — > UA^JJ^ , ip — > UipW. This 
action is also has M = 2 supersymmetry 

f 5^ A, = iea^ f SAf = 

The equations of motion corresponding to the action is 

[A u , [A u , A^} + iae^xAx] = - {if>p, 4> a } (foC/Ja/? 

[ip a , Ap] {(T (7n) a p = 0, a = ia 2 . (2.2) 

When ip — 0, the typical solution for A^ is, A^ = Y M , where 

X v \ = iae^Xx - R x ), [X^ R v \ = (2.3) 

represents an algebra of the fuzzy sphere configuration. The commuting solution 
X^ = diag(rW, rff\rjp, r^') is an special case of (|2.3| ). 

Remarkably, this equations of motion has solution which represent arbitrary 
number of points or/and fuzzy spheres with various radius and centers. To see is, 
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choose solution J„ as block diagonal type, 



x„ 



4 2) 



X (3) 



V 



(2.4) 



where mth block Xj™^ is a n m x n m irreducible representation of SU(2) (J2 l m =i n r 
N) and obeys 



[X^\xl m) }=iae^\X {m) 



A 



R 



(m) \ 



(2.5) 

where R^ ^ is proportional to identity matrix l nm xn m - 

Though Tr(X M ) = 0, X£ m ) 

need not to be traceless. These relation can be kept even when we assume relation, 



EC* 

A=l 



(m) 



R 



(m)\2 



Pm 1 



m Tim xn m 



(2.6) 



. Because of equation (|2.5|, p.6|), we can think of this config- 



where p 2 m = a 2 — 

uration is multi fuzzy spheres. Now rj^ = ■^-Tr(X^) = ^-Tr(R^ n ') gives the 
co-ordinate of mth block (center of mth fuzzy sphere or point) and p m is the radius. 
At this point, we can comment, the elements of the matrix X^ and the trace 
can be assumed to take any value from R. Under this consideration the space con- 
figuration is R 3 . 



Example 1. One Fuzzy Sphere Model 

To construct a one fuzzy sphere model out of this current scenereo, we assume 



X^ to be of the form 



x„ 







.(2) 



V 



[2.7) 



r (N-m+l) 

A* / 



here, n m> i = 1, r( m>1 ) E R and 



[x<p,xM]=i a <r\x<p-R 



(2.8) 



This configuration represents a fuzzy sphere with center at = ^-Tr(X^) and 
(N — rii) points at co-ordinates r^ m>1 ) as back-ground. 

Example 2. Two Fuzzy Sphere Model 

We can construct a multi-fuzzy sphere picture out of this model. To construct 
a k fuzzy sphere case, we consider the same configuration as equation( f2.4| ) with k 
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irreducible blocks and N — J2m=i n m points. For example, for two fuzzy sphere case 
we consider 



X, 







r (3) 



V 



(7V-m-n 2 +2) 



[2.9) 



here, n m>2 = 1, r( m>2 ) G R and 

[X«, X«] = iae^iX® - J2«), [Xf, X^] = *ae^(xf - itf) (2.10) 

This configuration represents two fuzzy spheres with centers at = ^-Tr(X^) = 
^Tr(R^), rjf) = J-Tr(X^) = ±Tr(R®) and (JV-m-n 2 ) points at co-ordinates 
r (m>2) ag b a ck-ground. 

2.2 One Loop Calculation for Two Blocks 

We assume one loop correction is good approximation for the interaction between 
fuzzy spheres. 

To see the effect of the fluctuation for this model, we expand the original matrices 
around these back ground 



= Xf, + Ap, 1pa = Xa + fa, choOSe Xa = 

where N x N matrices A and (p are quantum fluctuation. 
1-loop correction of effective action W is calculated as 



W = -In J dA d(p e~ S2 



(2.11) 



(2.12) 



where S2 is quadratic terms of fluctuations in action (271). We add gauge fixing term 
and ghost term 



S, 



gf 



1 „ _ , 12 „ 1 



2g 



; Tr[X^A^, S : 



gh 



-Tr[X^B][X^C\ 



We re-write the X^ in equation 



as 



X, 









'sp 
. sj?) 



(2.13) 



where, we treat Y^> block as the fuzzy sphere(s) and we regard as background. 



We consider the fluctuations of the from 



A -( A V M 



B-( § P M C-( d P ^ 
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in terms of the above components, we can re-write the bosonic, fermionic and ghost 
parts of action (up to second order of the fluctuations) as 

S2,b = - 2 E Tr{-\[Af,Y^f + 2iae, vX S?AfA^\ + 

9 p=l,2 L z J 

1 (Bl) n \(H 2 )5, u - 2iae tluX {(S^ ) ® 1 + 1 ® sf ) + ^a}] (2.14) 



9 2 " M 



$W = h I E Tr^o^GO, ^W] + J_(^ [^(W,) ij7J ] (2.15) 

z y [p=i,2 J 9 

+1 {(D^uiH^uiE^j - (^t) 7i ( J ff 2 ) w ( J D) iJ } (2.16) 



where 



i,j — 1- • ■ dim(Y[p), I, J = 1 ■ ■ ■ dim(Y^) and "*" denote complex conjugate. 

From this, we can get one-loop effective action for one fuzzy sphere or multi-fuzzy 
sphere system considering one block (irreducible) or multi-block diagonal (reducible) 
form for In equation (|2.14| - |2~l"6l) each first term represents self interaction of 

blocks of equation (|2.13|) and each second term represents interaction between two 
blocks. 



Example : One Fuzzy Sphere case 

For example, if we replace Y^ by and Y ^ by rest diagonal part as equation 
(|2.7|), we get the one loop effective action for one fuzzy sphere case. We can see, in 
such case the first part of individual equations gives the self-interaction term; p — 1 
term is fuzzy sphere self interaction and p = 2 term gives the self interaction between 
the space points. The second part of the equations are the interaction between the 
fuzzy sphere and the space points. 

If, we take one fuzzy sphere at origin ie R*jp = 0, the self interaction term for 
one fuzzy sphere is 

ggf) = ±Tr[YM,BU)[YM,CW) 
9 

we get similar expressions of self-interaction for the model in M. 
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Similarly, if we replace by a block diagonal form with two irreducible blocks 
(as equation fl2.9|) ), we get the one loop effective action for two fuzzy sphere case. 
We will discussed about this in detail in the following section. 



3. One Loop Effective Action for Two Fuzzy Sphere system 



As we have seen in earlier section, we can calculate the one loop effective action from 
equations( |2.14| - P?TB| ). For this we consider the same configuration as equation( |2.13| ), 
consider as block-diagonal with two blocks (same as eqn. |2.9| ) , each block 
representing one fuzzy sphere. For two fuzzy sphere configuration, we assume the 
following form for the back-ground and fluctuation matrices. 



id) 



}W t 

'« "at 



ftt a (2) 



a 
ft 



ti s w 



c« e 
e t c ( 2 ) 



(1) 



4 1J o 



i? 



(2) 



(3-1) 



where, in these matrices, the first diagonal block is n\ x ni matrix and the second 
is n 2 x n 2 . For calculational simplicity, we further assume = 0, R 



(2) 



0. 



R 



(i=l,2) 



(1) 



^2 i>- /v.(^) 

H+n 2 A ' A 



A ' A IH^IH' ' A m+n2 ' ' A ni+r/2 

spheres and r A is the distance vector between them 



r\, are the centers of two fuzzy 



D-( D(l) 



E 



where, in these matrices, the upper block is n\ x (JV —n\ — n 2 ) matrix and the second 
is n 2 x (TV — ni — n 2 ). 

Putting these in equation ( |2.14| - |2.16 ), the total bilinear terms can be written as the 
sum of following 9 terms. 



-•(self) 
5 2,B 



s. 



(self) 
2,F 



q(self) 
°2,G 



ci(back) 



s. 



(back) 
2,F 



\ E Tr{-\[af,X^ + 2ie^Rfafa® 

9 i=l,2 L / 

^£rr{^[L« «» 

A 9 j=i,2 



# I i=l,2 



i=l,2 



A 9 j=i,2 



(3.2) 
(3.3) 

(3.4) 
(3.5) 
(3.6) 
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s. 



(back) 
2,G 



» i=l,2 



o(l)(2) 
°2,B 



o(l)(2) 
°2,F 



o(l)(2) 
°2,G 



a 

2a 2 



2 (*)fc 2 fe 1 [^C^/JfelJlfefe] 0^1*2 



kihk2h 



(b 



9 
a 



~2 { (^)fc 2 fci (-^ 2 ) fciZifcaZa ( e )/i/ 2 _ ( e )fc 2 fei (H 2 ) klh k 2 i 2 (d) hh } 



(3.8) 
(3.9) 
(3.10) 



where 



k h h = 1 • • -n*, J, J = 1 ■ • • (AT - m - n 2 ), L« = C|t = Iry 

We can see each of bosonic, fermionic and ghost has three parts describing self- 
interaction (denoted by fig )> interaction between two fuzzy spheres (denoted by 



S. 



(1)(2)> 



and the extra piece coming from the interaction of each fuzzy sphere with 



the back ground (denoted by 5^ 6acfc ) index i, for i-th one). We can as well say these 
extra piece as part of the self energy of the fuzzy spheres because they exist even for 
one fuzzy sphere case (section 2.2). 

3.1 Interaction Between Two Fuzzy Spheres 

We assume one loop correction is good approximation for the interaction between 
fuzzy spheres 1 . 1-loop correction of effective action W is calculated as 



In / da ds db dc e S2 



W 



As the the total action S decouples into each sector, we can write 



r(back) 
(B+F+G) 



W _ W (self) , w (back) w (l)(2) W Q){2) „,(1)(2) 

W - VV (B+F+G) + (b+F+G) + W B VV F vv G 



(3.11) 



(3.12) 



where indices correspond to those of equations (|3.2| - |3. 10] ). 

We are now interested in following parts those are from interactions between two 
fuzzy spheres. 



W 



•W( 2 ) = -lnjdbdtfe-<\. HH ^- 2i ^ c A h » 



W, 



(1)(2) 



-In \det~h (H 2 - 2ie ■ 
-lnfdtdtfe- ff ^ H ^ 

r. i __i2 

—in 



W, 



(1)(2) 



G 



det 2 ex ■ H 

-In J dd dS dc dct e - dtff2e+etH2d 
= -In [detH 2 ] 2 

where squares of determinants come from two off-diagonal blocks of matrices and | 
in Wjp^ is because of Majorana spinor. 

1 This is not a good approximation for two intersecting fuzzy spheres, for eg, N± — N2, c = 0. 



s 



3.1.1 Bosonic Sector 

Without loss of generality, two fuzzy spheres are assumed to be separated by r in 
3rd direction 

c M = (0,0,c), r = ac 
Then diagonalise the operator in bosonic part 



H 2 -2ie-c 



( H 2 -2ic \ 

2ic H 2 
v H 2 j 



(H 2 -2c \ 

H 2 + 2c 
v H 2 j 



So, we can write the bosonic contribution to the effective action (including the ghost 
part) as, 



W B l){2) = -Ln 
B 2 



det 



[H 2 -2c) (H 2 + 2c)' 
H 2 



(3.13) 



We define J M = + and = + S^, where = Both J M and 
follow SU(2) algebra, j, maximum eigen value of J3, varies from j m i n = | ni ~ n ' 2 1 to 
jmax = ( ni +" 2 — 1) and k = H 2 , H 2 ±c or H ■ a) are block diagonal, each block 
representing a particular value of j. So, we can write 



Jmax 



n ( w b)j 



J — Jmin 



(3.14) 



where, (wb)j is the determinant of jth block and can be calculated to be 



(<?-2cO + D+i(j + l)) s ^ (c2 + 2c( _ i + 1)+j(j + 1)) 2 (3 . 15) 



(c2 + 2 C j+j(j + l))2 . . 

For c << 1, when the fuzzy spheres are co-centric, there is a non-zero interaction 



Kb%= E (2j + l)/n[j(j + l)] 



J — Jmin 



2 
3 



1 



ni + n 2 



1 + 



24 



n l +n 2 / n 1 — n 2 



1 + 



24 



ni - n 2 



For c » 1 ie when the fuzzy spheres are far apart, 



Jmax 1 

E - 

J — Jmin 



+ 0(c*) 



^^n^logc^ + ^K + n 2 _ 2 _ 



(3.16) 
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3.1.2 Supersymmetric Case 

Summing up all these contributions, 



WW = hn 
2 



det 



\H 2 -2c) (H 2 + 2c)' 
, H 2 (a ■ H f . 



We can write 



WW = Lin 
2 



Jjnax 



n w 3 



J=Jr, 



where, Wj = Wj(c)wj(—c) is the determinant of jth block and 



(3.17) 



(3.18) 



Wj(c) 



[c 2 + c(2j + 1) + jjj + 1)] [c 2 + 2c(j + 1) + jjj + 1)] 
(c + j) 2 [c 2 + 2cj+j(j + 1)} 



X 



n 



{c 2 + 2c(i + l)+j(j + l)] 



(3.19) 



When c = oo, ie the fuzzy spheres are at large distance, = 0, ie two fuzzy 

spheres do not interact each other when they are far apart. This feature is different 
from bosonic case. This is because of some cancelation between bosonic and the 
fermionic contributions. 

Expanding around c = and c = oo, we can get the potential between 

two fuzzy sphere for small and large distance. 
For small c, 



W. 



(1)(2) 



c«l 



log 



Tlx + n 2 



-96- 



;C 2 + c 



(3.20) 



n 1 -n 2 (rix + n 2 ) 2 (n 1 - n 2 ) 

We see an attractive force between the fuzzy sphere surfaces (repulsive between the 
centers), when the centers are close to each other. 
For large c, 



W. 



(1)(2) 



c»l 



lnin 2 /c 2 



(3.21) 



So, there also exists an attractive force between the fuzzy spheres when they 
are at large distances. This result is consistent with the earlier observation that 
D2(D0)-branes form a bigger D2-brane in string theory |12 , §]. We can compare this 
to equation (|3.16|) and find some cancelation between bosonic and fermionic part, 
that is because of part of supersymmetry. 

Spherical BPS D2-brane from string theory in S* 2 does not interact when they 
are "parallel" (c = 0) to each other. However from our approach in matrix model 
the first term of equation (|3.20| ) exists even for c = 0. It may be explained as the 
quadratic part of action S 2 (eqn. 3.7-3.9) itself is not supersymmetric under the susy 
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transformations in eqn( 2.2). But for large distance case (c — > oo) this S 2 recovers 
Af = 1 supersymmetry and in such case vanishes. Moreover in such case, we 

can not use only quadratic part of off-diagonal part in equation (|3.1|) when the size 
of Tlx an d ri2 is not so different, that corresponds to overlapping of surface of two 
spheres. 



4. Conclusion 

In this paper, we have presented a general fuzzy sphere model in three dimension, 
which allows multi fuzzy sphere system with discretely arbitrary radii and arbitrary 
location in R 3 . We have added a Chern Simon term to the reduced model of 3D 
SYM. In original model the space and branes {eg fuzzy spheres) are not separately 
distinguishable. We have artificially partitioned the matrices into multiple block 
diagonal form. In such case, the classical solution represents a system of space and 
fuzzy spheres (branes). Classically these fuzzy spheres and space are non-interacting. 
We have tried to calculate the interaction as the one loop quantum effect. In section 
2 we have studied the fuzzy sphere and space time. We have calculated interaction 
of fuzzy spheres and space ( |2.14| - |2.16|) . In section 3, one loop interaction of fuzzy 



spheres in bosonic and supersymmetric case are studied. In particular, we have 
calculated the interaction between two fuzzy spheres with radii (pi ~ ani, pi ~ an^) 
{rii and is arbitrary) at distance (r = ac). We have determined the one loop 
effective action for such system for both bosonic case and supersymmetric case for two 
concentric fuzzy spheres (c << 1) and for two fuzzy spheres kept far apart (c >> 1). 
There is a cancelation between bosonic and fermionic part. In supersymmetric case, 
there is an attractive force between two fuzzy sphere surfaces for both large and 
small distance case. Even this model has a M = 2 supersymmetry, the one loop 
contribution for concentric case is non-zero for nearly equal n\ and ri2- This is 
probably because of the fact the one loop approximation is not good approximation 
in such case. It will be interesting to compare equations ( |3.20| , |3.21| ) with those from 
spherical D2-brane interactions in SU (2) WZW model. 
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